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Abstract 
We investigate labelling the vertices of the cycle of length n with the integers 0, ..., n - 1 in 
such a way that the n sums of k adjacent integers are sequential. We show that this is impossible 
for both n and k even, possible for n even and k odd, and that it is possible for many cases where 
n is odd. We conjecture that it is always possible when n is odd. 
1. Introduction 
Much research in recent years has focused on labelling the vertices of graphs so that 
the edges may have various numerical properties based on the labels of their end- 
points. One such labelling that has been studied intensely [3] is sequential labelling, in 
which each edge is assigned the sum of the labels of its endpoints in such a way that 
the values of the edges are consecutive distinct integers. 
Similarly, considerable work has been done on the problem of constructing de 
Bruijn cycles, in which the vertices of a cycle are labelled in such a way that paths of 
some fixed length may have numerical properties based on the labels of the vertices 
they contain. The original paper by de Bruijn [2] showed that, for a fixed n and k, it is 
possible to label a cycle of length n k with the integers 1 .... , n, so that each k-digit 
number (in base n) between 0 and n k -  1 appears exactly once as a sequence of 
k consecutive vertices around the cycle. In recent papers, Chung et al. [1] and 
Hurlbert [5] have extended this problem to ask whether cycles can be labelled so that 
the sets of k consecutive vertices have other arithmetic properties. 
In this paper, we will combine both areas of research, and ask whether, for a given 
n and k, we may label the vertices of C, (the cycle of length n) with the integers 
0, ..., n - 1, each label being used exactly once, so that the n values found by summing 
the labels of k adjacent vertices are n consecutive integers. In the sense of the 
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sequential labelling problem mentioned above, we are attempting to label k-vertex 
paths with the sum of the labels of the vertices they contain in such a way that the 
n path-labels are n consecutive integers. For  example, when n = 6 and k = 3 we have 
such a labelling, because if we write the numbers 0, ..., 5 around a cycle in the order 
0, 5, 1, 4, 2, 3, then the six sums obtained by adding three adjacent labels, namely 
0+5+1=6,  5+1+4=10,  1+4+2=7,  4+2+3=9,  2+3+0=5,  and 
3 + 0 + 5 = 8, are the six consecutive integers 5, . . . ,  10. We say in this case that 
0, 5, 1, 4, 2, 3 is a '3-sequential labelling' of C6. The question then arises: When does 
C, have a k-sequential labelling? Note that a k-sequential labelling of C, is also 
a (k + n)-sequential labelling of C,, so for the rest of this paper we will only consider 
the case n > k > 0. Having investigated many cases, we propose the following conjec- 
ture: 
Conjecture 1. The graph C, has a k-sequential labelling if and only if n and k are not 
both even. 
We will prove this conjecture for several types of ordered pairs. Note  that n will 
henceforth always refer to cycle length, and k will always refer to the number  of 
vertices in the paths which are to be summed. 
2. Cycles of even length 
This case is quite simple, as the following two theorems how. 
Theorem 1. I f  n and k are even, then C, has no k-sequential labelling. 
Proof. Suppose instead that there is such a labelling. Then the n sums must be the 
numbers v ,v+l  . . . . .  v+n-1  in some order. The sum of these is then 
nv + ½n(n - 1). Since each of the numbers 0 . . . . .  n - 1 is summed k times to get this, 
we have 
½kn(n - 1) = nv + ½n(n - 1), 
which implies that v = ½(n - 1)(k - 1). Since both n and k are even, v cannot be an 
integer, a contradiction. []  
Since the number  ½(n - 1)(k - 1) will appear  so frequently in the remainder of the 
paper, we will use the notat ion B,R = ½(n -- 1)(k - 1), and note that the consecutive 
sums will be the numbers B,k through B,k + n -- 1. 
Theorem 2. I f  n is even and k is odd, then C, has a k-sequential labelling. 
J.M. Vanderkam / Discrete Mathematics 162 (1996) 239-249 241 
Proof. We denote the labels of the vertices, in order, by al . . . . .  a~. In this proof, as 
with everywhere lse in this paper, the indices are to be interpreted cyclically, so that 
a,+x = al. We assign these labels in the pattern 0,n - 1,1,n - 2, . . . , i ,n  - i - 1, 
.... ½(n-2) ,½n,  so that a2 j -~+a2j=n-1  for all j. Consider the sum 
bi = ai -.t.- ai+ 1 + "'" + a i+k-  1. If i is odd, then bi = Bnk h- ai+ k -  1, and if i is even, then 
b~ = B,k + a~. Since k - 1 is even, i + k - 1 is odd when i is odd. Thus we get each of 
the n sums from B,k  to B,k  + n -- 1 in this manner, and this labelling is k-sequen- 
tial. [ ]  
Note that all that was necessary for this proof  to work was that a2 j_  1 + a2j = n - -  1 
for all j, so that the pairs could have been written in any order, meaning that there are 
at least 2n/2(½n - 1)! k-sequential labellings of C.. 
3. Cycles of odd length 
There does not appear to be any simple construction for the case where the cycle 
length is odd, so we break the problem into cases based upon various properties of 
n and k. 
Theorem 3. I f  gcd(n ,  k) = 1, then  C .  has a k -sequent ia l  label l ing.  
Proof. Let m <n be such that mk = l (modn) .  We assign al =0,  and let 
a~ = a i -  1 + m (mod n). By the way m is defined, this means that ai+k -- a~ = 1, unless 
i + k = n + 1, in which case a,+k - -  ai = 1 - -  n. Again letting b~ = ai + ... + a i+k- l ,  
this means that b~+ 1 - bi = ai+k -- a~ = 1 unless i = n + 1 -- k. Thus, the b's form 
a sequence of consecutive integers, as desired. [] 
Theorems 1 and 3 together show the already known [4] result that a cycle has 
a sequential labelling (in our notation, a 2-sequential labelling) if and only if the length 
of the cycle is odd. 
Lemma 4. I f  C ,  has  a k -sequent ia l  label l ing,  then  the same labels  are a lso an (n - k)- 
sequent ia l  label l ing.  
Proof. Let al . . . . .  a, be a k-sequential labelling of C,, with bl = ai + ai+l + "-" + 
a~+k-X. By the assumption, the b's are n consecutive integers. Let c~ = a~+k + 
a i+k+l  + "'" + a i -1 .  Then ci =½n(n-  1) -b i ,  so the c's are also n consecutive 
integers. But the c's are just the sums found taking n - k consecutive a's, so the a's 
must also be an (n - k)-sequential labelling, as desired. []  
Thus, to show that C, has a k-sequential labelling whenever n is odd, we need only 
prove it whenever both n and k are odd. The result for k even follows immediately, 
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since n - k is even whenever k is odd. The next result shows that we need only check 
finitely many n for each k. 
Proposition 5. I f  n and k are odd and n >~ 3k - 2, then Cn has a k-sequential labelling. 
Proof. The idea behind this proof  is similar to that of Theorem 2, in that we pair up 
most of the labels with their difference from n - 1. This is impossible for the label 
½(n - 1), however, so we will have to be more careful with how we position the labels 
in its immediate vicinity. What  we will do instead is to create a subsequence of 3k - 2 
numbers, consisting of the number ½(n - l) along with ½(3k - 1) pairs of numbers, 
each of which sum to n - 1. We will then let the other n - 3k - 2 numbers of the 
sequence be consecutive pairs that add to n - 1, with no other restrictions put on 
them at all (much like in the proof  of Theorem 2, in which the specific order of the 
pairs was irrelevant). The set of 3k - 2 specially chosen numbers will be subdivided 
into three parts. The first part, a l ,a  2 . . . . .  ak-1, will be chosen so that 
n-1  k -1  
3- -  2+3 j ,  
a2 j -  1 = 2 2 
n-1  k -1  
a2 j=- -~ + 3 - -~ + 2 -  3 j ,  
so that adjacent pairs still add to n - 1. The second part, as,. . . ,  a2k- 1, will include the 
value ½(n - 1), so adjacent pairs will not add to (n - 1). Instead, we will arrange it so 
that if k<<.j<-N2k-2, then a j+a j+ l=n-1+3( -1 )  j. The elements will be 
assigned as follows: 
ak 2 3 
ak+l - -  2 + 3 
am = am-2 - 6 ( -1 )  m, 
where k + 2 ~< m ~ 2k - 1. As a result, am + a3k- l -m = n - -  1, ak+tk-1)/2 = ½(n  - -  1), 
and am + am+l = n - 1 + 3( -1 )  m, as desired. The third part, aEk , . . .  ,a3k_2, is as- 
signed by the rule aak_ 1 - j  -t- aj = n -- 1 + (-- 1) j for 1 ~<j ~< k -- 1, which implies that 
n- -1  k -1  
a3k-2 j  = ~ -t- 3 ~ + 1 -- 3j, 
n- -1  k -1  
~-- - -3 - - - -1  +3j, aak- 2j- ~ -- 2 2 
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so that these 3k - 2 numbers are all distinct. To make the situation a little more clear, 
here is an example, where n = 13 and k = 5 (so that n = 3k - 2 and there are no labels 
other than this subsequence)" 
(a 1 . . . . .  a13 ) ---- (1, 11, 4, 8, 0, 9, 6, 3, 12, 5, 7, 2, 10). 
Note how the first k - 1 = 4 elements are in pairs that add to n - 1 = 12, as are the 
last four elements, while the middle five elements are arranged so that adjacent pairs 
add to either 12 - 3 = 9 or 12 + 3 = 15, depending on parity. 
The remaining elements will follow the rule a2j + a2j+ 1 = n - -  1 for 
½(3k - 1) ~< j ~ ½(n - 1). Note that this is possible, since the set of numbers that have 
already been assigned includes n - 1 - z whenever it includes z. These numbers will 
not play an important  role in the remainder of the proof, so we need not select hem in 
any part icular  order. 
Once again, we let bl = ai + ... + ai+k_ 1. For  2k ~ i~< n, the value of b~ is 
determined in the same way as in Theorem 2. The elements a~ . . . . .  a~+k- 1 are grouped 
so that adjacent pairs sum to n - 1, so bi = B,k + a~ when i is odd and B,k + a~+k- 1 
when i is even. Thus {b2k . . . . .  b,} is the set 
{Bnk + a l ,Bnk  + a3 . . . . .  Bnk + ak -2 ,Bnk  + a2k+l ,Bnk + a2k+3 . . . . .  Bnk + a3k-2 ,  
Bnk + a3k-1 . . . . .  Bnk + an}. 
We must show that {b~, . . . ,  b2k-  1 } includes all of the following: 
• B,k + ak,Bnk + ak+l , . . . ,Bnk  + a2k-1 ,  
• Bnk + aEk,Bnk + a2k+2,  . . . ,Bnk -{- a3k_3, 
• Bnk W aE,Bnk + a4, . . . ,Bnk + ak - l .  
First, we will show by induct ion that b2j+ 1 = Bnk + ak + 3j  for 0 ~<j ~ k - 1. This 
will account for the first set of b's, since each of ak, . . . ,  a2k_ 1 can be written as 
a k + 3j  for some j in this range. For  j = 0, we have b~ = (a~ + a2)+ " -  + 
(ak- 2 + ak -1)  "4- ak = Brig + ak, as  desired. Now 
bE j+ 1 -- b2 j -  1 = a2j+k W a2j+ k -  1 -- a2 j -  1 -- a2j 
= n - -  1 + 3(- -  1) 2 j+k-  1 __ (n - -  1) ----- 3, 
SO the  induct ion  hypothesis implies that  bEj + 1 = Bnk + ak + 5j, as  c la imed.  
We note that the remaining sums take on the k - 1 values Brig + a2, Bnk + a2 -- 3, 
Bnk + a 2 -- 6 . . . . .  B,k + a2 -- 3(k - 2). We account for half the members of the set by 
showing that, for 1 ~< j ~< ½(k - 1), we have 
b2j -~- a2j + (a2 j+ l  + aE j+2)  + .. .  + (ak + ak+l )  + ... + (aEj+k-2 + a2 j+k- l )  
=a2j+½(k- l -2 j ) (n -  1 )+( j ) (n - l -3 )  
n -1  k -1  
- 2 +3~+2- -3 j+B.k - -3 j  
= a 2 + 3 - 6 j  + Bnk. 
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Finally, we show bk-l+2j = Bnk + a2 + 6 -- 6j for 1 ~<j ~< ½(k - 1). Since 
) a2k_2+2j=n - 1 -} - ( - -1 )k+l -2 J - -ak+l_2 j :n  - ~ 1 + 3j 
n -1  k -1  
- 2 +2- -3 j=a2- -3 - - - f -+3- -3 j ,  
we have 
bk_ l + 2j = (ak_ l + 2j -.b ak + 2j )'1- "" -b (a2k q- a2k+l) 'q-  "" 
"~" (a2k-4+2j  -]- a2k-3+2j)  q- a2k-2+2j  
- ~- j+ l  (n - l+3)+( j - -1 ) (n -1 )+a2+3 
= Bnk + 3 -- 3j + a2 + 3 - -  3j 
= Bnk + a 2 + 6 - 6j, 
and the proof is complete. [] 
From this point on, to keep a record of our progress, we will examine the effect each 
result has on 21-sequential labellings. Conjecture 1 indicates that C, should have 
a 21-sequential labelling for all n > 21. By Theorem 2, Lemma 4, and Proposition 5, 
we have now shown this for all n except hose that are odd, less than 101, and divisible 
by either 3 or 7. This leaves us with 
n e {27, 33, 35, 39, 45, 49, 51, 57}, (1) 
still a rather large set. 
The following corollary, while inapplicable in the case k = 21, completely elimin- 
ates a large class of k's from consideration. 
i 
Corollary 6. I f  k is an odd prime, then Cn has a k-sequential labelling for all n > k. 
Proof. By Proposition 5and Theorem 3, we need only check those n that are less than 
3k -  2 and have a common factor with k. But since k is prime, the only case to 
consider is n = 2k. Theorem 2 eliminates this case, so we are done. [] 
The following proposition will reduce the case k = 21 considerably. 
Proposition 7. I f  n is odd and gcd(n, k + 1) > 1, then Cn has a k-sequential labelling. 
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Proof .  Let  d = gcd(n, k + 1), and let s be such that  k = sd - 1. We define a sequence 
aa, ... ,a ,  by the rule 
ard+i = Xrd+id + i - -  1, 
for 1 ~< i ~< d and 0 <~ r <~ n /d  - 1. The x's are ass igned accord ing  to the fo l lowing 
condi t ions:  
• 0 ~. Xrd + i ~ n/d  - 1, 
• Xrd+i =f~ Xr,d+ i for r :~ r', 
• xrd+l + Xrd+2 + "'" + Xrd+d = ½(n --  d)  for all r, 
• Xrd+2q-1 + X,d+2q = n /d  -- 1 for 2q ~<d - 3 and all r, 
• x,d + x{~+s)d-2 takes on each of the values f rom l (n /d  - 1) to 3(n /d  - 1) in some 
order  as r goes f rom 0 to n/d  - 1. 
We will show three things about  this sequence: 
(1) the a's are the integers f rom 0 to n - 1, 
(2) the a's are a k-sequent ia l  label l ing of C, ,  
(3) such a sequence exists whenever  god(n, k + 1) > 1. 
The first of these is fair ly simple, thanks  to the first two cond i t ions  on the x's. Since 
0 ~ xre+i ~ n /d -  1, we know that  0 ~< a,d+i ~< n -- 1, so we need only show that  
aj  # aj, whenever  j # j ' .  Suppose  instead that  aj = a~,. Since a j - j -  1 (mod d), we 
know that  j =- j '{modd) .  Let  j = rd + i and j '  = r 'd + i. Then a j -  aj, = (x~d+i --  
Xr,d+i)d g: O, by the second cond i t ion  on the x's. Thus,  the a's are the integers f rom 0 to 
n - 1 in some order.  
To  prove the second assert ion,  we again  define b i = aj + ... + a i+k-  1. By the way 
the a's are defined, we see that  
bj = (x j  + " .  + X j+k-1)d  + ½sd(d - 1) - (i - 2), 
where j = rd + i, unless i = 1, in which case i - 2 shou ld  be rep laced by d - 1. What  
we need to show is that,  for a f ixed i, the term involv ing the x's takes on n/d  
consecut ive values as r ranges over  {0 . . . . .  n/d  - 1}, since the remain ing  terms take on 
d consecut ive values as i ranges over  { 1, . . . ,  d}. We cons ider  several  cases based on the 
value of i, and in each case we will show that  the x term takes each of the values f rom 
½s(n - d)  - (n/d - 1) to ½s(n - d). 
• i = 1. The x term is then Xrd+ I + "'" At- X(r+s- 1)d + X(r+s- 1)d+ 1 + ""  -{- 
x(~+~ l~d+a-1 = ½s(n - -d )  -x l~+s)d_ l ,  which takes the n/d  desired values. 
• i = 2. The x term is then X,d+2 + "'" + Xra+a + ½(S- -  l ) (n - -  d) = ½s(n - d ) -  
x~d + 1, which takes the n/d  desired values. 
• i=  d. The x term is then x,a+d +½(s -  1) (n -  d)+ X(r+s)a+ 1 + " . .  + X(r+s+l)d_ 2 
= ½(s - 1)(n - d)  + ½(d-  3 ) (n /d  - 1) + x,e+d + Xt,+s+l~,-2 = ½s(n - -  d ) - -} (n /d  
- 1) + xl~+l~d + Xt ,+,+~ld-2 ,  which by the fifth cond i t ion  on the x's takes on the 
n/d  desired values. 
• d > i > 2 and i i s  odd.  Then x,e+i + "" + X,d+d = ½(n --  d) --  ½( i - -  1 ) (n /d -  l )and  
x~+~)a+l + "'" + x (~+~d+i -2=½( i - -  3 ) (n /d - -1 )Xt ,+s)d+i -2 ,  because the fourth 
cond i t ion  forces pairs  to sum to n/d  - 1. Combin ing ,  we see that  the x term in this 
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case sums to ½s(n - d)  - (n /d  - 1) + X(r+s)d+i_2, which takes on the n/d  desired 
values. 
• d > i > 2 and i is even. Then X,d+i + "'" + Xrd+d = ½(n -- d)  - ½i(n/d - 1) + x,d+i ,  
and x~r+~)a+ 1 + "'" + xt,+~)d+i-  2 = ½(i - 2 ) (n /d  - 1), as in the previous case. Thus, 
the x term sums to ½s(n - d)  - (n /d  - 1) + X,d+i, which again takes on the n/d  
desired values. 
Since we have shown that the x term takes on n/d  consecutive values for a fixed i and 
that i takes on d consecutive values for a fixed x term, we have shown that the b's take 
on n consecutive values, as desired. 
Finally, we must show that an arrangement of x's satisfying the five conditions is 
possible whenever gcd(n, k + 1) > 1. Assigning xrd+i is simple for i < d - 2, since only 
the fourth condition restricts us. We may simply assign x,d+i = r for i odd, and 
X,d +~ = n /d  -- 1 --  r for i even, leaving us only the cases i = d - 2, d - 1, d. To assign 
them, we consider a path-sequential labelling of (n/d,  2), which we know exists due to 
Theorem 3, denoting it by ca,  c2 . . . . .  C,/d. We then assign the remaining x's as follows: 
Xd_  2 = C l ,  X d = C2, Xsd+d-  2 = C3, Xsd+d = C4, and so on, using each of the c's exactly 
twice in assigning all of the X,d and X,d-  2'S (each will be hit by this process because 
s = (k + 1) /d is relatively prime to n/d).  Since 2 does not divide n/d,  we also know that 
each of the X,d'S is assigned a different c, so that condition two is satisfied. Also, 
Xrd + X(,+,)d-  2 = Ci + Ci+ l ,  which must take on values from ½(n/d - 1) to 3(n /d  - 1) 
because the c's were a path-sequential labelling for (n/d,  2) (and since the value of i is 
different for each value of r, we know that they attain each value in that range). 
Likewise, since x,a- 2 and Xrd were consecutive lements in the path-sequential labell- 
ing of (nld, 2), we know that Xrd- 2 + Xrd takes on all of those values as well. If we then 
define X,d-  1 = 3(n /d  -- 1) -- (x ra -  2 + xrd), we force the X,d-  I'S to be distinct, fulfilling 
condition two, and we get X,d+I + "'" + X,d+d = ½(d -- 3 ) (n /d -  1) + 3(n /d  - 1) = 
½(n - d), so the x's also satisfy condition four. Since we have now constructed a set of 
x's that satisfy all five conditions, our proof  is complete. []  
Corollary 8. I f  n is odd  and  gcd(n, k - 1) > 1, then  C ,  has  a k -sequent ia l  abel l ing.  
Proof. Since gcd(n, k - 1) = gcd(n, n - k + 1) > 1, by Proposit ion 7 we know that 
C, has an (n -  k)-sequential labelling. Lemma 4 then implies that it also has a 
k-sequential labelling, as desired. []  
Returning to our consideration of k = 21, we see that we now can construct 
a 21-sequential labelling whenever n is divisible by a divisor of 20 or 22. This 
eliminates all multiples of 5 and 11 from the set listed in Equation (1), leaving us with 
n~ {27,39,49,51,57}. (2) 
The next result, unlike most of the results of this section, does not require that k be 
odd for it to work. In fact, it is largely unless for k odd, since it is less effective than 
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Proposit ion 5 in such situations. However, for k even, it eliminates a very important 
case, as will be seen in a corollary. 
Proposition 9. I f  Csd has a k-sequential labelling of  the form ard+i  = Xrd+id  ÷ ¢i ,  where 
c 1 . . . . .  Cd is a k-sequential labelling Of Cd, then Csld + k) has a k-sequential labelling ifCd + k 
has one. 
Proof. We wish to find a k-sequential labelling for Csid+k~, given one for Cd+ k. Let 
that labelling be e I . . . .  ,ed+k, and let f /=  e i ÷ "." ÷ ei+k-1. We define a labelling of 
Cs(d+k) as 
gr(d+k)+i = Yr(d+k)+i(d ÷ k) ÷ el, 
with the y's defined as follows: 
• Yr(d+k)+k+j = Xrd+j, for 1 ~<j ~< d, 
• Yr(a+k)+j = Xrd+j, for 1 ~<j ~< k, 
where the x's are those given in the labelling of(sd, k). As in the proof of Proposit ion 7. 
we have to prove two things about this sequence: 
(1) the g's are the integers from 0 to s(d + k) - 1, 
(2) the O's are a k-sequential labelling. 
We need not prove that such a sequence is possible this time, since the sequence is 
well-defined by the equations above. 
To show that the 9's are the integers from 0 to s(d + k) - 1, we first note that by the 
definition of the c's, we know the following about the x's: 
• Xrd+j # x,,a+j for r # r', 
• O<<.r,d+j<~S--1, 
• Xrd+j  + "'" ÷ Xrd+j+k-1 takes on s consecutive values, in some order, as r ranges 
from 0 to s - 1. 
The second condition, combined with the fact that 0 ~< ej ~< d ÷ k - 1, implies that 
0 <~ #~td+k)+j <- s(d + k) - 1, so we need only show that the y's are distinct. Now 
suppose that we have #r~d+k)+j = Y,'ta+kl+j'. Then since #~(a+k)+j- ej(mod d), we 
know that j  = j'. Thus, we know that Yr~d+k)+j = Yr'td+k~+~" But by the way that the y's 
are defined in terms of the x's and the first restriction on the x's, this means that r = r' 
as well, so that the two equal O'S were in fact the same element of the sequence. 
Now define hr(d+k)+ j = gr(d+k)+j ÷ "'" + gr(d+k)+j+k-1-  By the construction of the 
sequence, this is equivalent o 
h~td+k)+j = (Y~ta+k)+i + "'" + y,te+k)+j+k-1)(d + k) + Ji" 
As with the proof of Proposit ion 7, since the f ' s  are d + k consecutive integers, we 
need only show that the term involving the y's takes on s consecutive integers as 
r ranges from 0 to s - 1. I f j  > k, then the y term is equal to X~d+j + "'" + Xrd+j+k 1, 
which takes on the desired s consecutive values, so we need only considerj  ~< k. From 
the definition of the y's, this means that {Yr(d+k)+j . . . . .  Yr(d+k)+j+k-1} = {Xrd+l . . . . .  
x,d+k} in some order, so that the y term has sum equal to Xrd+l + "'" + Xrd+k. Since 
this takes oh all s desired values as r ranges from 0 to s - 1, the proof is complete. [] 
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Corollary 10. I f  n is odd, then C, has a 6-sequential labelling. 
Proof. By Theorem 3, we know that such a labelling exists whenever 3 does not divide 
n, so we restrict our attention to the case n = 3r. We have three cases, based on the 
residue of r (mod 6): 
(1) r = 1 (mod 6): Let r = 6t + 1, we will induct on t. When t = 1, Proposit ion 7 gives 
us a 6-sequential labelling of the form required by Proposit ion 9, with d = 7 and 
s = 3. Now suppose there is a 6-sequential labelling of this type, with s = 3, for 
r = 6( t -  1 )+ 1. By Theorem 3, a 6-sequential labelling exists for C6t+1, so 
Proposit ion 9, using s = 3, implies the existence of such a labelling for C3~6t+ 1), so 
the induction is complete. 
(2) r -5  (mod 6): Let r = 6t -1 ,  we will induct on t. When t = 1, we know by 
Corol lary 8 that a 6-sequential labelling exists of the form required by Proposi- 
tion 9, with d = 5 and s = 3. The induction step follows from exactly the same 
argument as the previous case, so C3~6~-1) always has a 6-sequential labelling, and 
this case is likewise complete. 
(3) r -- 3 (rood 6): First we note that 1, 7, 0, 4, 8, 3, 5, 2, 6 is a 6-sequential labelling of 
C9. In order to use Proposit ion 9, we need a 6-sequential labelling for C27 using 
this. In fact, 
0 ,1 ,2 ,1 ,1 ,2 ,0 ,0 ,2 ,1 ,2 ,0 ,0 ,2 ,0 ,1 ,2 ,0 ,2 ,0 ,1 ,2 ,0 ,1 ,2 ,1 ,1  
is a sequence of x values that creates a 6-sequential labelling of C27 of the form 
needed in Proposit ion 9, with d = 9 and s = 3. We use this as the t = 1 case for an 
induction, letting r = 6t + 3. Suppose that C3~6~t- 1)+ 3) has a 6-sequential labelling 
of the form required by Proposit ion 9, with s = 3. Then Proposit ion 9 guarantees 
the existence of such a labelling for C3(6t+3), provided that C6t+3 has a 
6-sequential labelling. However, by either the induction hypothesis or the two 
cases above, C6t+3 has a 6-sequential labelling, so the proof is complete. [] 
This result also eliminates a few cases from our consideration of k = 21, since 
a 6-sequential labelling for C27 is also a 21-sequential labelling, by Lemma 4, so the set 
for k = 21 is now 
n ~ {39, 49, 51, 57}. (3) 
Thus, we have reduced the set of remaining n's considerably, but we have yet to 
determine methods that create path-sequential labellings for those that are left. 
4. Conclusion 
In our efforts to prove Conjecture 1, we have managed to show it for all but a very 
restricted class of n and k. To summarize what remains of the problem, we still need to 
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show that C, has a k-sequential labelling when n and k satisfy all of the following: 
• n and k are both odd, 
• n< 3k-2 ,  
• gcd(n, k) > 1, 
• gcd(n,k + 1) = gcd(n,k - 1) = 1, and 
en~k+6.  
As seen from our investigation of k = 21, this still leaves several values of n for each 
non-prime value of k, and the number of unsolved n grows with the size of k, so there 
remains a considerable amount of research to be done on the problem. 
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